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Abstract. Multiple-scattering effects in ExAFS of the rhenium L3 edge are calculated with the 
reduced angular momentum expansion (RAME) and with the modified small-scattering- 
centre approximation (MSSCA). The multiple-scattering enhancement in the nearly collinear 
Re-0-Re bonds is very sensitive to changes in the bond angle. A comparison of the 
theoretical results with the pressure-dependent measurements of Alberding et a1 (1986) 
confirms the relation between the pressure and the bond angle that follows from the structure 
model of J~irgensen et a1 (1986) for the high-pressure phases in Reo3.  

1. Introduction 

In the last decade several studies of the high-pressure phases in R e o 3  have been 
published (Jmgensen et all986 and references therein). At atmospheric pressure R e o ,  
has a non-distorted perovskite structure. In the high-pressure phase above 5.0 kbar the 
R e o 6  octahedra are rotated as rigid units. The angle of rotation is an order parameter 
for the phase transition and varies as (P - PJ6  with 6 = 0.322 (Jcjrgensen er af 1986). 
Thereby the bonds Re-0-Re are buckled and the bond angle is continuously changed 
with pressure. 

Recently, Alberding et af (1986) have measured EXAFS of the rhenium L3 edge as a 
function of the pressure. They found that the height of the first rhenium peak in the 
Fourier transform depends strongly on the pressure due to multiple-scattering processes 
at the oxygen atom 3 which lies between the absorbing rhenium atom 1 and the back- 
scattering rhenium atom 2 (figure 1). The forward-scattering processes at the intervening 
oxygen atom give rise to a considerable enhancement of the EXAFS contributions from 
these chains, which, however, drops off rapidly as the angle p increases. As shown by 
Teo (1981) this effect can be used for angle determinations. 

It is generally acknowledged now that the plane-wave approximation (PWA), com- 
monly applied in the theoretical approach for EXAFS, is only justified for backscattering 
processes (Barton and Shirley 1985b, c, Poon et a1 1986). In nearly collinear chains of 
atoms, where forward-scattering processes play an important role, spherical-wave 
effects must therefore be included in the calculations. The present paper reports theor- 
etical results obtained with the reduced angular momentum expansion (RAME) and with 
the modified small-scattering-centre approximation (MSSCA) (Fritzsche and Rennert 
1986, Fritzsche 1988). 
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Figure 1. Structure model for the high-pressure phase in Reo3.  The rhenium atoms are 
depicted as big circles and the oxygen atoms as small ones. 

2. Theory 

For polycrystalline samples the EXAFS function is given by (Lee and Pendry 1975, 
Gurman et a1 1986) 

1 
X(k) = - Re[exp(2i 6 ; )  Z L L ]  (1) 21+ 1 in 

where L = ( I ,  m). k is the wavenumber of the excited electrons and 1 = lo + 1 is deter- 
mined by the angular momentum of the initial state 1,. The outgoing waves to 1 = lo - 1 
are neglected. The matrix ZLL,  describes the scattering processes of the electrons in the 
final state. It may be written as a sum over all closed loops starting and terminating at 
the absorbing atom R 

Z L L ,  = Z'Z GLL2(R12)T,*(R2)GL*L'(R21) + z: 
R2 L2 R2R3 L2L3 

x GLL3(R13)T/3(R3)GL3L2(R32)T1*(R2)GL2L'(R21) + . . . , (2) 

with R ,  = Ri - Rj and T,(R,) = i sin S I  exp(i S,), where are the scattering phase shifts 
of the atom Rj.  All terms containing an Rii = 0 are excluded from the summations in (2). 

The coefficients GLL,(Ru) describe the free electron propagator in a two-centre 
angular momentum representation, In the MSSCA (Fritzsche 1988) these coefficients are 
approximated by 

ii-I' 

IkR GLLr ( R )  = 43d - exp[ikR + ia,(kR) + ialt ( k R ) ] Y t  (R)Y,, ( R )  (3) 

with 

a/ (x )  = 1(1+ 1)/2x. (4) 
Then the sums over L2, L3 etc in ZLLt can be written as effective-scattering amplitudes 
(Fritzsche and Rennert 1987). In this approach the incident spherical electron waves are 
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represented near the scattering potential by isotropic spherical waves. Furthermore all 
spherical Hankel functions are approximated by 

hl(x) = iPh,,(x) exp[ial(x)]. (5 )  

The small-atom approximation of Lee and Pendry (1975), which was recently applied 
by Pettifer et a1 (1986) and Gurman (1988), corresponds to the case that only ar(kR) is 
included in (3), whereas al(kR) is neglected. Setting both al(kR) = 0 and all (kR) = 0 one 
obtains the commonly used PWA. 

In the more sophisticated RAME (Fritzsche and Rennert 1986) the incident electron 
waves are approximated in the range of the scattering potential by a set of spherical 
waves with the lowest angular momenta L = ((0,O); (1, 1); (1,O); (1, -1)}. In this way 
both the curvature and the anisotropy of the incident wave are taken into account. Then 
the coefficients for vectors on the positive z axis, 

GLL’(ReZ) = g / l h ( W m m ,  (6) 

are given by (Fritzsche 1988) 

gll,, (R)  ;= [(21+ 1)(21’ + 1)]1’2(il-l‘/i/t~) x exp(ikR + ial(kR) + iar ( k ~ ) )  

x [(I - al(/cR)ap(/cR))tjm,o - i(al(k~)ap(k~))l/~6,,,11. (7) 

Similar formulae were published by Rehr et a1 (1986). 
The coefficients GLL,(R) corresponding to arbitrary vectors R can be constructed 

from (7)  using rotations of the coordinate system. Then rotation matrices appear in ZLLt 
that describe the rotation of a coordinate system with the z axis R into a system with the 
z axis R’ 

DiL,(R’,R) = elmy dCm,(p) eimJn (8) 
where a, /3 and y are the appropriate Eulerian angles. 

Finally one obtains 

(R3)g131242 (R32)D!;41 @32 , R21) 

x T,,(R2)g121q1(R21) + .  . . . (9) 

The first term in this series describes the single-scattering contributions, the second one 
the double-scattering loops etc. Because of (7) the magnetic quantum numbers q l ,  q2 
etc are restricted to the low values - 1, 0 and + 1, for which the rotation matrices are 
given by 

d6?0 = Pl(C0S PI 
dP1,o = d6[),1 = t [ Z / ( E +  I)]’/* [Pl-l(cos p) - cos p P,(COS p)l/sin p 
dpk1 = dcf),, +1 = [Pl_,(COS p) - (cos p 3 l)Pl(COS p) + Pl+1 (cos @)]/(1 * cos p) 

(10) 

where Pl(x) are the Legendre polynomials. 
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Inelastic scattering processes are described by exponential damping terms in thegllzm 

gurm(R)+ gn,,(R) (11) 

where A is the electron mean free path. Thermal vibrations are included by appropriate 
Debye-Waller factors, which are incorporated in the rotation matrices. In this way the 
motions of both the absorbing and the scattering atoms are taken into account. For 
uncorrelated and isotropic vibrations one obtains 

dEm, (p )+  d g m t ( p )  exp(-k2u?(1-cosp)) 

where U: is the mean square displacement of the atom considered. 

3. Results and discussion 

Teo (1981) has included the effects of multiple-scattering processes by an amplitude 
factor R and a phase shift w in the single-scattering expression for EXAFS. By means of 
51 and w one takes into account all multiple-scattering loops that have the same length 
as the direct backscattering process and that therefore contribute to the same peak in 
the Fourier transform of ~ ( k ) .  In the framework given above they are defined by 

m ' m  

where Z",",(2R12) describes the single-scattering contribution 1 + 2- 1, whereas 
ZF?(2Rl2) contains all multiple-scattering loops (including 1 + 2+ 3.) which have the 
same path length 2R12 (figure 1). 

We have calculated R and w as a function of /3 (figure 1) and k for the first rhenium 
peak in the Fourier transform of the rhenium L, edge EXAFS with the above-mentioned 
approximations. In figure 2 the amplitude factor 5;2 is shown for the atoms 1, 2 and 3 
which are arranged in an approximately collinear array (figure 1). All the included 
pathways (1 + 2- 1 , 1 +  2+ 3 +  1 , 1 +  3 +  2+ 1, and 1 + 3 + 2+ 3 + 1) contain 
one backscattering event at the rhenium atom 2. For the highly symmetric geometry at 
/3 = 0" the approximations can be compared to a full partial wave calculation. The good 
agreement between the RAME and these exact results confirms that this approximation 
is adequate to the considered problem. Also the deviations of the MSSCA from the exact 
values seem to be unimportant for the total R shown in figure2, but for selected scattering 
pathways the errors of the MSSCA are larger. For example, for the scattering loop 
1 + 3 + 2 + 3 + 1, which contains two forward scattering processes, the ratio 52,ss,,/ 
522,,,,, amounts to about 1.3 at p = 0". The large errors of the PWA demonstrate con- 
vincingly the importance of curved-wavefront corrections and explain why the PWA 
results of Alberding et a1 (1986) are in poor agreement with the experimental data. 

Figure 1 illustrates that further scattering loops with the same path length 2RI2 exist 
in the octahedron around the absorbing atom 1. These additional scattering pathways 
contain two backscattering events at the oxygen atoms in the corners of the octahedron. 
Figure 3 shows that their contribution to Q is negligible for low angles /3. The most 
important of them is the third-order process 1 + 3 + 1 + 5 + 1 by reason of the strong 
forward scattering effect at the absorbing rhenium atom 1. 

In figure 4 the theoretical results for R and o are compared with experimental values 
from Alberding et a1 (1986). The relation between the pressure and the angle /3 was 
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Figure 2. Multiple-scattering enhancement B in the chain of the atoms 1 , 2  and 3 calculated 
with a full partial wave expansion (solid line), with the RAME (long-dashed line), with the 
MSSCA (short-dashed line), and with the PWA (chained line) (a)  for p = 0" and (6) fork = 12 
A-'. The Debye-Waller factors were neglected. 

Figure 3. Multiple-scattering enhancement B including all scattering loops with the length 
2RI ,  (solid line) and contributions from selected scattering pathways (dashed lines) for 
/3 = 0" in the RAME: (A) contribution of the double-scattering loops 1 -+ 2 -+ 3 -+ 1 and 
1 -+ 3 -+ 2- 1; (B) contribution of the triple-scattering loop 1 + 3 + 2- 3 -+ 1; ( C )  con- 
tribution of the triple-scattering loop 1 + 3 + 1 + 5 -+ 1. The Debye-Waller factors were 
neglected. 

newly calculated from the structural data given by Jorgensen et a1 (1986). The mean 
square displacements for the Debye-Waller factors were taken from the neutron powder 
diffraction measurements of Jorgensen et aZ(l986) assuming an uncorrelated motion of 
the atoms. Within these model assumptions the effect of the thermal vibrations on Q 
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Figure 4. (a)  Ratio Q(p)/Q(p = 0") and (6) phase difference w(p)-o(p = 0") calculated 
with the RAME (including the Debye-Waller factors). (A) k = 8 A-'; (B) k = 12 A-'; and 
(C) k = 16 k'. The experimental values (circles) from Alberding et a1 (1986) are taken at 
k = 12 A-'. 

and o is negligible, because the prevailing scattering pathways differ from each other 
only in the number of forward-scattering processes, for which the influence of lattice 
vibrations is small according to (12). The only influence of the Debye-Waller factors is 
to diminish the contributions from the scattering pathways which include two back- 
scattering processes. Figure 4 shows that the experimental values for k = 12 A-' are well 
described by the calculations. This confirms unambiguously the buckling of the Re-O- 
Re chain in the high-pressure phase of Reo, .  In particular, the quantitative agreement 
of the calculated values for S2 with the experimental data corroborates the relation 
between the rotation angle of the octahedra and the pressure, which was derived from 
the neutron powder diffraction data by Jorgensen et al(l986). The systematic variations 
of the experimental curves as a function of the wavenumber k are not reproduced by the 
calculations. Probably, these changes in the data of Alberding et a1 (1986) are an effect 
of the Fourier transform technique, because Fourier filtering systematically distorts the 
structures for the lower and upper wavenumbers (Lee et a1 1981). 

4. Conclusions 

We have presented an efficient multiple-scattering expression for EXAFS and XANES 
based on the RAME. This approximation takes into account both the curvature and 
the anisotropy of the spherical waves. The formulae derived are much simpler and 
computationally faster than the exact multiple-scattering expression (Gurman et al 
1986). In the Taylor-series magnetic-quantum-number expansion of Barton and Shirley 
(1985a, c) the formula for the coefficients gllt,(R) is much more complicated than the 
expression in the RAME (7). For the energies considered one has to calculate a lot of 
terms in their double sum for the gllf,(R) in order to attain the same accuracy as the 
RAME. 
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It can be concluded that the RAME and, to a certain extent the MSSCA also, are 
appropriate methods to include spherical-wave effects in multiple-scattering calculations 
of EXAFS. This was also confirmed by Rennert and Hung (1988). 

The presented theoretical results for the rhenium L3 edge EXAFS support the structure 
model of J~rgensen  et a1 (1986) for the high-pressure phases in Reo, .  
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